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Source Resolvability of Spatial-Smoothing-Based
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Abstract—A major drawback of subspace methods for direction-
of-arrival estimation is their poor performance in the presence of
coherent sources. Spatial smoothing is a common solution that can
be used to restore the performance of these methods in such a case
at the cost of increased array size requirement. In this paper, a
Hadamard product perspective of the source resolvability problem
of spatial-smoothing-based subspace methods is presented. The ar-
ray size that ensures resolvability is derived as a function of the
source number, the rank of the source covariance matrix, and the
source coherency structure. This new result improves upon previ-
ous ones and recovers them in special cases. It is obtained by an-
swering a long-standing question first asked explicitly in 1973 as to
when the Hadamard product of two singular positive-semidefinite
matrices is strictly positive definite. The problem of source identifi-
ability is discussed as an extension. Numerical results are provided
that corroborate our theoretical findings.

Index Terms—Direction-of-arrival (DOA) estimation, spatial-
smoothing-based subspace methods, source resolvability, source
identifiability, Hadamard product, Khatri-Rao product.

I. INTRODUCTION

D IRECTION-OF-ARRIVAL (DOA) estimation is of major
interest in array processing [2], [3]. For uniform linear

arrays (ULAs), this important task can be formulated as a (spa-
tial) spectral estimation problem with equispaced samples. As
compared to common (temporal) spectral estimation problems,
multiple snapshots of the array output can be acquired by doing
temporal sampling simultaneously.

The DOA estimation problem is complicated by the fact
that the array outputs are highly nonlinear functions of the
direction parameters. To overcome this difficulty at a modest
computational cost, Pisarenko [4] proposed to estimate the
DOAs from an estimate of the array output covariance matrix.
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This idea has inspired a prominent class of methods known
as subspace methods, e.g., the multiple signal classification
(MUSIC), the estimation of parameters by rotational invariant
techniques (ESPRIT), and their variants such as root-MUSIC
and Unitary-ESPRIT [5]–[9].

The key to the success of subspace methods is the fact that the
so-called signal and noise subspaces can be identified from the
array output covariance matrix. In the presence of coherent (i.e.,
completely correlated) sources, however, the source covariance
matrix becomes singular and the dimension of the detected sig-
nal subspace is strictly smaller than the number of sources. Con-
sequently, subspace methods fail to resolve the sources. In this
case, spatial smoothing is a well-known preprocessing technique
that ensures the applicability of subspace methods. It was first
proposed by Evans et al. [10], [11] and has been extensively stud-
ied since then [12]–[27]. Briefly stated, spatial smoothing means
that the ULA is divided into a set of overlapping subarrays and
the smoothed array output covariance matrix is obtained as the
mean of the subarray output covariance matrices. Under certain
conditions (see below), the smoothed source covariance matrix is
nonsingular and therefore the subspace methods can be applied
as in the case of noncoherent sources. This technique is usually
referred to as forward only spatial smoothing (FOSS). A variant
that makes use of the complex conjugated backward subarrays as
well is known as forward/backward spatial smoothing (FBSS).

Note that the spatial-smoothing-based subspace methods suc-
ceed to resolve coherent sources at the cost of reducing the ef-
fective array aperture. In other words, as compared to the case
of noncoherent sources, more antennas are required to resolve
the same number of coherent sources. A fundamental question
therefore is this: how many antennas are required for spatial-
smoothing-based subspace methods to ensure resolvability of
a given number of sources? Several answers to this question
have been provided by using different analysis techniques. It is
well-known that K + 1 antennas suffice to resolve any K non-
coherent sources [4]. In the presence of coherent sources, Shan
et al. [12] showed that 2K antennas suffice to resolve any K
sources. It was shown in [28] and [29] that the required array
size is a function of the rank of the source covariance matrix, r,
and can be reduced to 2K − r + 1. Additionally, an array size
equal to

⌈
3
2K

⌉
was shown in [13] and [14] to ensure the generic

resolvability of almost any sources by using the FBSS scheme
(here �·� denotes the smallest integer no less than the argument).

In this paper, a Hadamard product approach is proposed to
study the array size requirement of spatial-smoothing-based sub-
space methods. Besides the number of sources and the rank of
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the source covariance matrix, we show that the required array
size is also a function of the source coherency structure. This
new result improves upon the best known result, 2K − r + 1,
and reduces to the latter result in a special case. It is obtained
by answering a question asked by Styan in [30] as to when the
Hadamard product of two singular positive-semidefinite matri-
ces is strictly positive definite.

In recent years, the emphasis of research on DOA estima-
tion has shifted towards sparse methods (see, e.g., [31]–[34]).
Although sparse methods are advantageous in certain scenar-
ios, they require more intensive computations and few of them
enjoy the good statistical properties of subspace methods such
as asymptotic efficiency in the number of snapshots. Because
certain sparse methods are related to the subspace methods, as
shown in [34]–[37], the results of this paper could also be of
interest for sparse methods.

The rest of the paper is organized as follows. Section II
presents the notation that will be used, the DOA estimation prob-
lem, the subspace methods and the spatial smoothing technique.
The following sections present the main contributions of this
paper as summarized below:
� A Hadamard product approach is proposed for studying

the problem of source resolvability by means of a new
formulation of the smoothed source covariance matrix (see
Section III).

� An answer is provided to the question asked by Styan in
1973 regarding positive definiteness of the Hadamard prod-
uct along with some extensions. This appears to be the first
answer that applies to a broad class of matrices (see Sec-
tion IV).

� Previous results on array size requirement are recovered
from the new Hadamard product perspective (see Sec-
tion V).

� An improved array size requirement, which encompasses
previous results as special cases, is derived by applying our
new result on the Hadamard product (see Section VI).

� The problem of source identifiability, which is closely re-
lated to source resolvability, is studied as an extension (see
Section VII).

� Numerical results that corroborate our theoretical findings
are provided (see Section VIII).

Finally, conclusions are drawn in Section IX.

II. PRELIMINARIES

A. Notation

Throughout the paper, boldface letters are reserved for vectors
and matrices. For a matrixA,AT is the transpose,A∗ is the com-
plex conjugate, AH is the conjugate transpose, and rank (A) is
the rank. The notation diag (·) denotes a diagonal (or block diag-
onal) matrix obtained by putting the entries of a vector argument
(or several matrix arguments) on the diagonal. We write A ≥ 0
if A is Hermitian and positive semidefinite, and A > 0 if A
is positive definite. The Hadamard, Kronecker and Khatri-Rao
products of matrices A and B are denoted by A�B, A⊗B
and A �B, respectively. Following convention, a matrix is said

to be of order n if it is an n× n square matrix. Finally, the
expectation of a random variable x is denoted by Ex.

B. The DOA Estimation Problem

Consider K narrowband, farfield sources impinging on N
omnidirectional antennas, which form a ULA, from directions
θk, k = 1, . . . ,K. Let λ be the wavelength of the sources, and d
the distance between adjacent antennas. At a certain time instant
l, the snapshot of the array output, written as an N -element
vector y(l), is given by [2], [3]:

y(l) =

K∑

k=1

a(ωk)sk(l) + e(l), (1)

where sk(l) denotes the kth source signal, a(ωk) is the steering
vector defined by

a(ωk) =
[
1, eiωk , . . . , ei(N−1)ωk

]T
, (2)

ωk = 2π
d cos θk

λ
, (3)

and e(l) is the noise vector. Note that a(ωk) can be viewed as a
uniformly sampled complex sinusoid of angular frequency ωk.
Letting L be the number of snapshots, we obtain the data model
in (1) with l taking integer values from 1 to L. Consequently,
the problem of DOA estimation can be formulated as a multi-
channel line spectral estimation problem, in which the angular
frequencies {ωk} and amplitudes {sk(l)} need to be estimated.

Let A be the N ×K Vandermonde matrix defined as:

A = [a(ω1), . . . ,a(ωK)] (4)

and let s(l) = [s1(l), . . . , sK(l)]T . The data model in (1) can
then be written as:

y(l) = As(l) + e(l), l = 1, . . . , L. (5)

To make the above DOA estimation problem well defined, we
introduce the following assumptions:
� N ≥ K + 1;
� The poles

{
zk = eiωk

}
of the Vandermonde matrix A are

distinct on the unit circle so that A has full column rank;
� Every θk can be recovered from zk (equivalently, d ≤ λ

2 ).

C. Subspace Methods for DOA Estimation

The subspace methods are based on the following standard
assumptions in addition to those mentioned above. The sources
and the noise are stationary and ergodic zero-mean random pro-
cesses with

Es(l)sH(l) = Σ, (6)

Ee(l)eH(l) = σ2IN , (7)

where Σ is the source covariance matrix, σ2 is the noise power,
and IN is the identity matrix of order N . It is also assumed
that the noise is uncorrelated with the sources. Consequently,
the array output covariance matrix R is given by:

R = Ey(l)yH(l) = AΣAH + σ2IN . (8)
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Consider the case in which the sources are noncoherent such
that Σ > 0. It follows that AΣAH has rank K and thus K
nonzero eigenvalues (as A has full column rank). Let

R =

N∑

j=1

λjuju
H
j (9)

denote the eigen-decomposition for R, where {λj} are the
eigenvalues (sorted in descending order) and {uj} are the eigen-
vectors. Under the above assumptions,

λ1 ≥ · · · ≥ λK > λK+1 = · · · = λN = σ2. (10)

Consequently, the N -dimensional space can be divided into two
orthogonal subspaces that can be obtained from R: S spanned
by {uj}Kj=1 andN spanned by {uj}Nj=K+1. Note thatS andN
coincide with the range space and the null space of A, and they
are referred to as the signal and noise subspaces, respectively.
Based on this observation, MUSIC [5] was proposed using the
noise subspace, while ESPRIT [7] relies on the signal subspace.

Next, consider the case when some sources are coherent so
that Σ is singular, with rank (Σ) = r < K. In this case, the
dimension of the signal subspace S (as identified from the array
output covariance matrix R) equals r, and the sources cannot
be resolved by a standard subspace method.

In summary, all K sources can be resolved from the array
output covariance matrix R in (8) by a subspace method, e.g.,
MUSIC or ESPRIT, if and only if

N ≥ K + 1, (11)

Σ > 0. (12)

D. Spatial Smoothing

Spatial smoothing has been a common and effective prepro-
cessing scheme for the application of subspace methods in the
presence of coherent sources. It relies on a modification of the
source covariance matrix Σ that tries to restore the full rank, at
the cost of reduced effective aperture, so that subspace methods
can be applied as in the case of noncoherent sources. Specifi-
cally, spatial smoothing starts with dividing theN -element ULA
into P overlapping subarrays of M elements, with

N = P +M − 1, (13)

where the pth subarray starts with the pth antenna, p = 1, . . . , P .
It follows that the pth subarray output covariance matrix is an
M ×M principal submatrix of R which, by the Vandermonde
structure of A, is given by:

Rp = AMZp−1ΣZ1−pAH
M + σ2IM , (14)

where AM is defined similarly to A but with only M rows, and
Z is a diagonal matrix with z = [z1, . . . , zK ]T , zk = eiωk , on
the diagonal. The smoothed array output covariance matrix R̃ is
obtained by averaging the subarray output covariance matrices
in (14):

R̃ =
1

P

P∑

p=1

Rp =
1

P
AM Σ̃AH

M + σ2IM , (15)

where

Σ̃ =

P∑

p=1

Zp−1ΣZ1−p (16)

denotes the smoothed source covariance matrix (up to a scaling
factor of 1

P ). Note that R̃ has the same form as R in (8) and,
therefore, all K sources can be resolved by a subspace method
from R̃ in (15) if and only if

M ≥ K + 1, (17)

Σ̃ > 0. (18)

The aforementioned spatial smoothing scheme is the FOSS.
An enhanced scheme is the FBSS [11] that is based on the fol-
lowing observation. Let

J =

⎡

⎣
1

···
1

⎤

⎦ (19)

be a reversal matrix. For each snapshot y in (5), a companion
virtual snapshot can be defined as follows:

Jy∗ = JA∗s∗ + Je∗ = A
(
Z1−Ns∗

)
+ Je∗, (20)

where the Vandermonde structure of A was exploited. With-
out going into all details, the smoothed array output covariance
matrix of FBSS is given by (see [13] and [14]):

R̃
′
=

1

2

(
R̃+ JR̃

∗
JT

)
=

1

2P
AM Σ̃

′
AH

M + σ2IM , (21)

where

Σ̃
′
= Σ̃+Z1−M Σ̃

∗
ZM−1 (22)

is the smoothed source covariance matrix.

III. A HADAMARD PRODUCT PERSPECTIVE

Recall that the array size N satisfies (13), where the subarray
size M is lower bounded as in (17). Inserting (17) into (13), we
have that

N ≥ K + P. (23)

Therefore, to derive the required array size, we need to de-
termine how large P should be so that the smoothed source
covariance matrix Σ̃ in (16) is positive definite. To this end, we
provide an apparently new formulation of Σ̃, which is at the core
of our technique.

We will use the following identity:

diag (a)C diag (b) = C � (
abT

)
, (24)

which can easily be shown to hold for vectors a, b and matrix
C of proper dimensions.
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Let us define zj =
[
zj1, . . . , z

j
K

]T
for integer j. Applying

(24) to Σ̃ in (16), we obtain

Σ̃ = Σ�
P∑

p=1

zp−1
(
zp−1

)H

= Σ�
{[

z0, . . . ,zP−1
] [
z0, . . . ,zP−1

]H}

= Σ� {
AT

PA
∗
P

}
,

(25)

where AP is defined similarly to AM . Therefore, the smoothed
source covariance matrix Σ̃ can be written as the Hadamard
product of two positive semidefinite matrices. Our problem then
becomes this: under what conditions is the Hadamard product in
(25) positive definite? It is worth noting that Σ ≥ 0 is singular
in the presence of coherent sources and AT

PA
∗
P ≥ 0 is singular

if P < K.

IV. POSITIVE DEFINITENESS OF THE HADAMARD PRODUCT

A. Previous Results

Positive definiteness of the Hadamard product is the precise
subject of Schur product theorem [38, Proposition 6.3.2]. This
theorem, which is formally stated below, is likely one of the
most important results on the Hadamard product.

Theorem 1: If B ≥ 0 and C ≥ 0, then B �C ≥ 0. Fur-
thermore, if B > 0 and C > 0, then B �C > 0.

The Schur product theorem has been strengthened by a
number of researchers. When the positive definiteness of the
Hadamard product is the main concern, to the best of our knowl-
edge, the most general result is due to Ballantine [39] who
showed that only one of the two matrices needs to be positive
definite.

Theorem 2: If one of B ≥ 0 and C ≥ 0 is positive definite
and the other has a positive diagonal, then B �C > 0.

B. New Results

To ensure positive definiteness of the Hadamard product, the
best known result (see Theorem 2 above) requires at least one
matrix factor to be positive definite. In contrast to this, both ma-
trix factors of the Hadamard product in (25) can be singular. To
tackle this problem, we need to study under what conditions the
Hadamard product of two singular positive-semidefinite matri-
ces is positive definite. This study was undertaken by Styan [30]
in 1973 who showed that the product is always singular for ma-
trices of order one (the scalar case) or two. For matrices of order
three or larger, examples were provided in [30] to show that the
Hadamard product can be positive definite despite of the fact
that both factors are singular; however, no sufficiently general
conditions were known under which this is true (see also [38,
p. 214]). This section is devoted to presenting such conditions.

We will start with introducing the Kruskal rank, or k-rank,
which was implicitly defined by Kruskal [40], and whose name
was later coined in [41].

Definition 1: The k-rank of matrix B, denoted by kB , is k
if and only if any k columns of B are linearly independent, and

either B has exactly k columns, or B has at least one collection
of k + 1 linearly dependent columns.

By definition, it holds for any matrix B that

kB ≤ rank (B) . (26)

The main result of this subsection is provided in the following
theorem.

Theorem 3: IfB ≥ 0 andC ≥ 0, both of orderF , have pos-
itive diagonals and satisfy

rank (B) + kC ≥ F + 1, (27)

then B �C > 0.
Remark 1: Since the roles of B and C can be swapped, the

condition in (27) can be relaxed to:

max (rank (B) + kC , rank (C) + kB) ≥ F + 1. (28)

Ballantine’s result in Theorem 2 is generalized by Theorem 3.
The former corresponds to the special case of Theorem 3 in
which rank (B) = F and kC ≥ 1, or rank (C) = F and kB ≥
1. To make the assumptions of Theorem 3 hold true, neither B
nor C has to be positive definite; in particular, this means that
Theorem 3 is an appropriate answer to the question asked by
Styan [30].

C. Proof of Theorem 3

To prove Theorem 3, we make use of the Khatri-
Rao or column-wise Kronecker product. For matrices D =
[d1, . . . ,dF ] of size I × F andE = [e1, . . . , eF ] of sizeJ × F ,
their Khatri-Rao product is an IJ × F matrix defined by:

D �E = [d1 ⊗ e1, . . . ,dF ⊗ eF ] , (29)

where dj ⊗ ej is the Kronecker product of vectors dj and ej ,

dj ⊗ ej = [dijej ] . (30)

The Khatri-Rao product is linked to the Hadamard product
by the following identity [38, Proposition 6.4.2], which can be
easily verified,

(D �E)H (D �E) =
(
DHD

)� (
EHE

)
. (31)

To proceed we need the following lemma.
Lemma 1: For any matrix D,

kDHD = kD. (32)

Proof: See Appendix A. �
We next present a result that is implied by Theorem 3. Under

the assumptions of Theorem 3, there exist D and E, both with
F columns, such that B = DHD and C = EHE. It follows
from Lemma 1 that kD = kB ≥ 1 and kE = kC ≥ 1, where
the inequalities hold true by the fact that B and C have posi-
tive diagonals. Consequently, the condition in (27) results in the
following condition on D and E:

rank (D) + kE ≥ F + 1. (33)

Moreover, by (31), if B �C > 0, then D �E has full col-
umn rank. Therefore, combining Theorem 3, equation (31) and
Lemma 1, we obtain the following result on the Khatri-Rao
product.
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Theorem 4: If matrices D and E, both with F columns, do
not contain all-zero columns and the condition in (33) holds true,
then D �E has full column rank.

Furthermore, it can be shown by similar arguments to those
above that Theorem 4 implies Theorem 3, and thus in order to
prove the latter theorem it suffices to prove the former. A proof of
Theorem 4 can be found in [42] where the result was apparently
stated for the first time. In Appendix B we also provide a proof
of this result, for the sake of completeness. Note that our proof
is different from that in the cited paper and, more importantly,
that its main idea lies at heart of the proof of a new and more
general result that will be presented later on, see Theorem 5 and
Theorem 6 below.

Remark 2: The sufficient condition in Theorem 4 under
which the Khatri-Rao product of two matrices has full column
rank strengthens the result of [43, Lemma 1] in which the fol-
lowing condition was derived:

kD + kE ≥ F + 1. (34)

Indeed, by (26), the condition in (34) is more stringent than ours
in (33). This type of results plays an important role in the tensor
analysis area [44], [45].

Remark 3: In a similar manner, from (34) we can obtain a
result for the Hadamard product that is weaker than Theorem
3. The said result can be obtained by replacing the condition in
(27) with the following:

kB + kC ≥ F + 1. (35)

As we will see, this weaker result is not as effective as Theorem
3 when employed for studying the required array size.

D. Extensions

The following result extends Theorem 3.
Theorem 5: Let

B = diag (v1, . . . ,vG) B̌ diagH (v1, . . . ,vG) , (36)

where vj is a gj × 1 vector with nonzero entries (j = 1, . . . , G),

and
∑G

j=1 gj = F . Let
{
g′j
}G

j=1
be the sequence obtained by

sorting {gj}Gj=1 in descending order. If B̌ ≥ 0, of order G, and
C ≥ 0, of order F , have positive diagonals and satisfy

kC ≥
G−rank(B̌)+1∑

j=1

g′j , (37)

then B �C > 0.
Remark 4: Let gj = 1, j = 1, . . . , G in Theorem 5. It follows

that F = G and g′j = 1, j = 1, . . . , G. Consequently,

G−rank(B̌)+1∑

j=1

g′j = G− rank
(
B̌
)
+ 1

= F − rank
(
B̌
)
+ 1

= F − rank (B) + 1. (38)

Therefore, the condition in (37) is equivalent to that in (27), and
in this case Theorem 5 reduces to Theorem 3. This means that
Theorem 5 comprises Theorem 3 as a special case.

Remark 5: In general, the condition in (37) is weaker than
that in (27). To see this, note that

G−rank(B̌)+1∑

j=1

g′j = F −
G∑

j=G−rank(B̌)+2

g′j

≤ F − (
rank

(
B̌
)− 1

)

= F − rank
(
B̌
)
+ 1

= F − rank (B) + 1.

(39)

In (39), the inequality follows from the fact that g′j ≥ 1, and it
is strict if

g′G−rank(B)+2 ≥ 2. (40)

Therefore, Theorem 5 can be viewed as a stronger version of
Theorem 3 that makes use of the structure of B.

Similarly to Theorem 3, to prove Theorem 5, it suffices to
prove the following theorem for the Khatri-Rao product.

Theorem 6: Let

D = Ď diagT (v1, . . . ,vG) , (41)

where vj is a gj × 1 vector with nonzero entries (j = 1, . . . , G),

and
∑G

j=1 gj = F . Let
{
g′j
}G

j=1
be the sequence obtained by

sorting {gj}Gj=1 in descending order. If Ď, of column size G,
and E, of column size F , do not contain all-zero columns and
satisfy

kE ≥
G−rank(Ď)+1∑

j=1

g′j , (42)

then D �E has full column rank.
Proof: See Appendix C. �
Remark 6: The matrix transpose was used in (41) to sim-

plify the notation used in the proof, but it can be changed to the
Hermitian transpose if so desired.

We have the following corollaries.
Corollary 1: Assume that B̌ > 0 in Theorem 5. Then, B �

C > 0 if C ≥ 0 satisfies

kC ≥ g′1. (43)

Corollary 2: Assume that Ď has full column rank in Theo-
rem 6. Then, D �E has full column rank if E satisfies

kE ≥ g′1. (44)

V. RECOVERY OF PREVIOUS RESULTS USING THE HADAMARD

PRODUCT APPROACH

A. Results Implied by Theorem 2

In this subsection, we recover previous results on the required
array size by making use of Theorem 2. We need to show under
what conditions Σ̃ in (25), which is the Hadamard product of Σ
and AT

PA
∗
P , is positive definite.
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The following lemma will be frequently used, which is a sim-
ple consequence of the fact that any square Vandermonde matrix
with distinct poles is nonsingular.

Lemma 2: For the N ×K Vandermonde matrix A with dis-
tinct poles, we have

rank (A) = kA = min (N,K) . (45)

It is evident that both Σ and AT
PA

∗
P are positive semidefinite

and have positive diagonals. Consequently, according to The-
orem 2, either Σ > 0 or AT

PA
∗
P > 0 results in Σ̃ > 0. In the

following we discuss two possible scenarios.
� Suppose that Σ > 0. This corresponds to the case of non-

coherent sources in which no spatial smoothing is required.
Inserting P = 1 into (23), we have that

N ≥ K + 1, (46)

i.e., K + 1 antennas suffice to resolve K noncoherent
sources. This is a well-known result, as mentioned in Sub-
Section II-C.

� Suppose that Σ ≥ 0 is singular, which means that some
sources are coherent, and that AT

PA
∗
P > 0. It follows that

the P ×K Vandermonde matrix A∗
P (and thus AP ) has

full column rank and hence, P ≥ K. Inserting this bound
into (23), we have that

N ≥ 2K, (47)

i.e., 2K antennas suffice to resolve K sources of which
some are coherent. This recovers the result of [12] by means
of much simpler arguments.

B. Result Implied by Theorem 3

We will again make use of (25). Applying Lemmas 1 and 2,
we obtain

kAT
PA∗

P
= kA∗

P
= kAP

= min (P,K) , (48)

where the second equality holds by the fact that a matrix and
its conjugate have the same k-rank. Applying Theorem 3 and
using (48), it can be readily shown that the smoothed source
covariance matrix Σ̃ in (25) is positive definite if

rank (Σ) + kAT
PA∗

P
= rank (Σ) + min (P,K) ≥ K + 1,

(49)
or equivalently,

min (P,K) ≥ K − rank (Σ) + 1. (50)

Because K ≥ K − rank (Σ) + 1 (as rank (Σ) ≥ 1), the condi-
tion in (50) can be simplified to:

P ≥ K − rank (Σ) + 1. (51)

Inserting (51) into (23), we obtain

N ≥ 2K − rank (Σ) + 1. (52)

In summary, 2K − r + 1 antennas suffice to ensure resolv-
ability of any K sources whose covariance matrix has rank r.
This recovers the result of [28] by means of a different argu-
ment. Based on Theorem 3, our analysis is simpler than that in
the cited paper.

Remark 7: It is worth noting that the result on the Hadamard
product implied by [43, Lemma 1], as mentioned in Remark 3,
does not result in the condition in (52). Indeed, in the presence
of coherent sources, at least two columns (and rows) of Σ are
proportional to each other and thus

kΣ = 1. (53)

To satisfy the condition in (35), we then must have

kAT
PA∗

P
= K, (54)

implying, in view of (48), that P ≥ K and therefore N ≥ 2K,
instead of the more relaxed condition in (52).

VI. NEW CONDITION ON ARRAY SIZE

In this section, we derive new results on the required array
size by making use of Theorem 5. In addition to the number
of sources K and the rank of the source covariance matrix
r = rank (Σ), the source coherency structure will also be used
(note that our analysis remains valid in the case when knowledge
of this structure is partial or even absent, as shown later). In par-
ticular, we assume that the K sources comprise G groups of co-
herent sources. Let gj be the size of the jth group, j = 1, . . . , G,
with

∑G
j=1 gj = K. Evidently, the source covariance matrix Σ

can be written as in (36) up to permutations of its rows and
columns. Therefore, we have

Σ = P diag (v1, . . . ,vG) Σ̌ diagH (v1, . . . ,vG)PT , (55)

where P is a permutation matrix of order K such that coherent
sources are placed adjacently, Σ̌ ≥ 0 is of order G, and vj is a
gj × 1 vector with nonzero entries that corresponds to the jth
group (j = 1, . . . , G).1 Moreover, we have that

r = rank (Σ) = rank
(
Σ̌
) ≤ G. (56)

We will use the following identity, which can easily be shown
to hold for matrices B, C and a permutation matrix P of the
same order:

P (B �C)PT =
(PBPT

)� (PCPT
)
. (57)

Substituting (55) into (25) and making use of (57), we have
that

Σ̃ =
[P diag (vj) Σ̌ diagH (vj)PT

]� [
AT

PA
∗
P

]

= P {[
diag (vj) Σ̌ diagH (vj)

]� [PTAT
PA

∗
PP

]}PT ,

(58)

where diag (vj) is an abbreviate notation for diag (v1, . . . ,vG).
As a result of (58), Σ̃ > 0 if

[
diag (vj) Σ̌ diagH (vj)

]� [PTAT
PA

∗
PP

]
> 0. (59)

The condition in (59) holds true, according to Theorem 5, if

kPTAT
PA∗

PP ≥
G−r+1∑

j=1

g′j , (60)

where g′j is as defined in Theorem 5.

1Note that scaling ambiguities exist betweenvj and the jth row and column of
Σ̌. Therefore, we can let Σ̌ have ones on the diagonal so that Σ̌ is a correlation
matrix, and then the entries of vj indicate the magnitudes and phases of the
sources in the jth group.
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Next, applying Lemmas 1 and 2, we have that

kPTAT
PA∗

PP = kA∗
PP = kA∗

P
= min (P,K) , (61)

where the second equality holds since A∗
PP and A∗

P are
identical up to permutations of their columns. Because K =∑G

j=1 g
′
j ≥

∑G−r+1
j=1 g′j , combining (61) and (60) yields that

P ≥
G−r+1∑

j=1

g′j . (62)

Finally, inserting (62) into (23), we obtain

N ≥ K +

G−r+1∑

j=1

g′j . (63)

This means that K +
∑G−r+1

j=1 g′j antennas suffice to ensure re-
solvability of any K sources whose covariance matrix has rank
r and whose coherency structure is given by {gj}Gj=1.

Note that the condition in (63) is weaker than that in (52)
since, as shown in (39),

∑G−r+1
j=1 g′j ≤ K − r + 1. Therefore,

the required array size is smaller than that shown by previous
results (see, e.g., [28]).

Remark 8: The shown result remains valid in the case when
partial or even no knowledge on the source coherency structure
is available. Indeed, Theorem 5 is applicable under the trivial
assumption that Σ̌ ≥ 0 has a positive diagonal. Consider, for
example, the case when the coherency structure is unknown and
only K and r are known. This corresponds to the special case
in which G = K and gj = 1, j = 1, . . . , G. Then, as expected,
the condition in (63) reduces to that in (52).

Remark 9: The case of r < G occurs in two possible sce-
narios. First, suppose that only partial knowledge on the co-
herency structure is available, resulting in two coherent sources
being assigned to two different groups. Then, Σ̌ must contain
proportional columns and thus loses rank. Second, even if full
knowledge on the coherency structure is available Σ̌ can still be
rank-deficient. This happens, for example, when K = 3 sources
are given by s1(l), s2(l) and s3(l) = s1(l) + s2(l), resulting in
G = K = 3 and r = 2. This scenario can also be viewed as a
good approximation of the case in which Σ̌ is ill-conditioned.

Remark 10: Consider the case in which full knowledge of
the coherency structure is available and Σ̌ > 0. Then, r = G,
and the condition in (63) reduces to:

N ≥ K + g′1. (64)

This result, which can also be obtained by making use of Corol-
lary 1, was also shown in [46] by using a more complicated
technique.

Similarly to FOSS, source resolvability is guaranteed for
FBSS-based subspace methods with the same array size. Indeed,

the smoothed source covariance matrix of FBSS, Σ̃
′

in (22), is
positive definite (and thus the resolvability is guaranteed) if Σ̃
is positive definite.

VII. SOURCE IDENTIFIABILITY

The problem of source identifiability refers to the question
whether the source parameters can be uniquely identified from

the array outputs. It is a problem closely related to source re-
solvability. Differently from the latter problem, the former is
generally concerned with the finite-snapshot, noiseless case. In
particular, we have the same data model as in (1) but without
the noise term. To keep the notation simple we use the same
symbols R and Σ for the sample covariance matrices:

R =
1

L

L∑

l=1

y(l)yH(l) = AΣAH , (65)

where

Σ =
1

L

L∑

l=1

s(l)sH(l). (66)

Although source identifiability is a property that is indepen-
dent of any particular DOA estimation technique, it was shown
in [28, Th. 3.2] that unique identifiability occurs if and only if
the DOAs can be resolved by using an FBSS-based subspace
method, and thus if and only if the FBSS sample source covari-

ance matrix Σ̃
′

is positive definite, which has the form in (22)
as a function of Σ in (66) (note that Σ̃ in (22) now denotes the
FOSS sample source covariance matrix).

Suppose that the source coherency structure is given by
{gj}Gj=1 and the array size N satisfies (63). Then, by the same

arguments as in Section VI, Σ̃ and Σ̃
′

are positive definite. Fi-
nally, applying [28, Th. 3.2], we reach the conclusion that the
source parameters can be uniquely identified from the array out-
puts {y(l)}Ll=1.

Remark 11: Note from (66) that r = rank (Σ) ≤ L. Conse-
quently, it always holds that r < G, if the number of snapshots
L is small such that L < G. This situation corresponds to an-
other scenario, besides those mentioned in Remark 9, in which
the case of r < G occurs.

VIII. NUMERICAL SIMULATIONS

Numerical results are provided in this section to verify our
theoretical findings. First of all, it is worth noting that our theo-
retical results on the source resolvability are derived under the
assumption of infinitely many snapshots (so that the data co-
variance matrix R is available). With this fact in mind, in the
following numerical examples that deal with the finite snapshot
case, we will use relatively large number of snapshots.

We consider ULAs with adjacent antennas separated by half
a wavelength. In both examples below, K = 8 sources are con-
sidered with DOAs 39◦, 53◦, 68◦, 80◦, 94◦, 107◦, 118◦ and 130◦

and identical powers equal to the noise power. The sources are
divided into G = 4 coherent groups: the first and the fifth, the
second and the sixth, and so on. It follows that g′j = gj = 2,
j = 1, . . . , 4. The spectral MUSIC algorithm, with or without
spatial smoothing, is used for DOA estimation.

Example 1: The first four sources are generated indepen-
dently from an identical circular Gaussian distribution. The last
four are their replicas up to global phases. Consequently, the
rank of the source covariance matrix is r = G = 4. According to
our analysis, K + g′1 = 8 + 2 = 10 antennas suffice for spatial-
smoothing-based subspace methods. This result coincides with
that in [46] and increases the minimum-minimorum array size
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Fig. 1. Power spectra of MUSIC (left), FOSS-based MUSIC (middle) and FBSS-based MUSIC (right) in ten Monte Carlo runs, with N = 10, K = 8 and
G = r = 4. The jth and (j + 4)th sources are coherent, j = 1, . . . , 4. The eight true DOAs are indicated by vertical lines. A number of 500 snapshots are used.

Fig. 2. Power spectra of MUSIC (left) and FOSS-based MUSIC (middle) with a ten-element ULA, as well as power spectra of FOSS-based MUSIC (right) with a
twelve-element ULA. Different from the setup in Fig. 1, the fourth source is generated as a linear combination of the first three sources, resulting in r = 3 < G = 4.

of K + 1 = 9, valid in the case of noncoherent sources, just by
one. This 10-antenna array is smaller than the2K − r + 1 = 13-
antenna array required by the result in [28].

We consider N = 10 antennas and L = 500 snapshots. The
power spectra of MUSIC, FOSS-based MUSIC and FBSS-based
MUSIC in ten Monte Carlo runs are presented in Fig. 1 . It
can be seen that MUSIC fails to detect the coherent sources,
as expected. In contrast, all eight sources are well resolved by
both spatial-smoothing-based MUSIC methods, corroborating
our theoretical findings on the array size requirement.

Example 2: We repeat Example 1 but now we generate the
fourth source as a linear combination of the first three. It can be
seen from Fig. 2 that MUSIC fails again to resolve the sources
as expected. Differently from the result in Fig. 1, FOSS-based
MUSIC also fails whenN = 10 antennas are employed. Indeed,
according to our analysis, K + g′1 + g′2 = 8 + 2 + 2 = 12 an-
tennas are required in the present case since the rank of the
source covariance matrix is now r = 3 < G = 4 (in particular,
this implies that the result in [46] is not applicable to the present
case). When the array size is increased to 12, it can be seen from
the right subfigure that all eight sources are well resolved, veri-
fying the result of our analysis. This 12-antenna array is smaller,
once again, than the 2K − r + 1 = 14-antenna array suggested
by the analysis in [28].

IX. CONCLUSION

In this paper, source resolvability of spatial-smoothing-based
subspace methods was studied from a new Hadamard product

perspective. By answering a question asked nearly half a century
ago regarding the positive definiteness of the Hadamard product,
a new array size requirement was derived that ensures source
resolvability and generalizes the previously known results.

APPENDIX

A. Proof of Lemma 1

First, suppose kD = k and thus any k columns of D are lin-
early independent. It immediately follows that any k × k prin-
cipal submatrix of DHD is nonsingular. Consequently, any k
columns of DHD are linearly independent since the matrix
formed by them contains a k × k principal submatrix. By defi-
nition, we then have that

kDHD ≥ k = kD. (67)

Next, suppose kDHD = k and thus any k columns of DHD
are linearly independent. Note that k arbitrary columns ofDHD
form the matrix DHDk, where Dk is the submatrix formed by
the corresponding k columns of D. It follows that

rank (Dk) ≥ rank
(
DHDk

)
= k. (68)

In turn this implies that any k columns of D are linearly inde-
pendent. Once again, by definition, we then have that

kD ≥ k = kDHD. (69)

Combining (67) and (69) completes the proof.
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B. Proof of Theorem 4

Without loss of generality, assume that the first r = rank (D)
columns of D are linearly independent. It follows from (33) that

kE ≥ F − r + 1 (70)

and hence anyF − r + 1 columns ofE are linearly independent.
To show linear independence of the columns of D �E, we

form the following system of linear equations:

F∑

j=1

(dj ⊗ ej)xj = 0 (71)

and then argue that the only solution is xj = 0, j = 1, . . . , F .
By making use of the following identity [47]:

(D �E)x = vec
(
E diag (x)DT

)
, (72)

where vec (·) is the vectorization operator, the equation in (71)
can be equivalently written as:

E diag (x)DT = 0. (73)

We partition D as D = [D1, D2], where D1 = [dj ]1≤j≤r

and D2 = [dj ]r+1≤j≤F , and similarly define E1 and E2. Note
that D2 and E2 can be empty, and in that case they would
disappear from the rest of the proof. By assumption, D1 has
full column rank r = rank (D). Hence, there exists a matrix Q
satisfying

D2 = D1Q (74)

and, like D, Q does not contain any all-zero column. We also
let x1 = [x1, . . . , xr]

T and x2 = [xr+1, . . . , xF ]
T . Using these

notations, (73) can be written as:

E1 diag (x1)D
T
1 +E2 diag (x2)D

T
2 = 0. (75)

Inserting (74) into (75), we obtain
(
E1 diag (x1) +E2 diag (x2)Q

T
)
DT

1 = 0 (76)

and thus,

E1 diag (x1) +E2 diag (x2)Q
T = 0 (77)

since D1 has full column rank.
Studying the matrix on the left hand side of (77) column-by-

column, we have that

ejxj +E2

(
diag (x2)Q

T
)
j
= 0, j = 1, . . . , r, (78)

where (·)j denotes the jth column. For every j = 1, . . . , r, note
that [ej ,E2] is composed of F − r + 1 columns of E that are
linearly independent in view of (70). Therefore, the equation in
(78) implies that

xj = 0, j = 1, . . . , r (79)

and

diag (x2)Q
T = 0. (80)

Taking the transpose of both sides of (80), we have that

qjxr+j = 0, j = 1, . . . , F − r, (81)

where qj denotes the jth column ofQ. SinceQ does not contain
any all-zero column, it follows from (81) that

xj = 0, j = r + 1, . . . , F. (82)

Combining (79) and (82) completes the proof.

C. Proof of Theorem 6

This proof is inspired by that of Theorem 4. To show linear
independence of the columns ofD �E, we also form the system
of linear equations in (71) and then obtain (73). Substituting (41)
into (73), we have that

E diag (x) diag (v1, . . . ,vG) Ď
T
= 0. (83)

We partition E and x as E = [E1, . . . ,EG] and x =[
xT
1 , . . . ,x

T
G

]T
, where the column size of Ej and the size of

xj are identical to the size of vj , j = 1, . . . , G. Let

x̃j = xj � vj , (84)

j = 1, . . . , G. Consequently, (83) can be equivalently written
as:

E diag (x̃1, . . . , x̃G) Ď
T
= 0, (85)

which is quite similar to (73). It then suffices to show that the
only solution to (85) is x̃j = 0, j = 1, . . . , G (because all entries
of vj are nonzero).

As in the proof of Theorem 4, we assume that the first r =
rank

(
Ď
)

columns of Ď are linearly independent without loss
of generality. We partition Ď as Ď =

[
Ď1, Ď2

]
, where Ď1 and

Ď2 consist of r and G− r columns, respectively, and let Q be
such that

Ď2 = Ď1Q, (86)

where Q does not contain any all-zero column (because Ď does
not).

Substituting the above notations into (85), we obtain

[E1, . . . ,Er] diag (x̃1, . . . , x̃r) Ď
T
1

+ [Er+1, . . . ,EG] diag (x̃r+1, . . . , x̃G)Q
T Ď

T
1 = 0

(87)

and hence,

[E1, . . . ,Er] diag (x̃1, . . . , x̃r)

+ [Er+1, . . . ,EG] diag (x̃r+1, . . . , x̃G)Q
T = 0,

(88)

since Ď1 has full column rank.
Consider the matrix on the left hand side of (88) column-by-

column. We have for j = 1, . . . , r,

Ejx̃j + [Er+1, . . . ,EG]
(
diag (x̃r+1, . . . , x̃G)Q

T
)
j
= 0.

(89)
Note that the term on the left hand size of (89) is a linear com-
bination of a number of

gj +
G∑

i=r+1

gi ≤
G−r+1∑

i=1

g′i (90)
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columns of E. In view of (42), these columns of E are linearly
independent. Therefore, we have that

x̃j = 0, j = 1, . . . , r (91)

and

diag (x̃r+1, . . . , x̃G)Q
T = 0. (92)

Using the fact that Q does not contain any all-zero column,
finally, we obtain

x̃j = 0, j = r + 1, . . . , G. (93)

Combining (91) and (93) concludes the proof.
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